MATHEMATICGAL GAMES

Concerning the game of Hex, which may be

playved on the tiles of the bathroom floor

by Martin Gardner

days when someone invents a mathe-
matical game that is both new and
interesting. Such a game is Hex, intro-
duced 15 years ago at Niels Bohr’s In-
stitute for Theoretical Physics in Copen-
hagen. Hex ntay well become one of the
most widely played and thoughtfully
analyzed new mathematical games of
the century. It swept the Scandinavian
countries in the middle 1940s, and in
1949 it was taken up by game theorists
in the U. S. Later Claude E. Shannon
and Edward F. Moore of the Bell Tele-
phone Laboratories designed and built
an analogue computer capable of play-
ing a moderately good game of Hex.
Hex is played on a diamond-shaped
board made up of hexagons [see illustra-
tion at the bottom of this page|. The
number of hexagons may vary, but the
board usually has 11 on each edge. Two
opposite sides of the diamond are labeled
“black”; the other two sides are “white.”
The hexagons at the corners of the dia-
mond belong to either side. One player
has a supply of black pieces; the other, a

It is something of an occasion these

supply of white pieces. The players alter- i
nately place one of their pieces on any |
one of the hexagons, provided the hexa- |
gon is not already occupied by another |
piece. The objective of “black” is to
complete an unbroken chain of black
pieces between the two sides labeled :
“black.” “White” tries to complete a
similar chain of white pieces between
the sides labeled “white.”

The chain may freely twist and turn;
an example of a winning chain is shown
in the illustration at the bottom of the |
page. The players continue placing their
pieces until one of them has made a
complete chain. The game cannot end
in a draw, because one player can block
the other only by completing his own
chain. These rules are simple, yet Hex is
a game of surprising mathematical sub- |
tlety.

Hex was invented by Piet Hein, who
must surely be one of the most remark-
able men in Denmark. Hein began his
career as a student at the Institute for
Theoretical Physics; then his industrial
inventions switched him to engineering,
where he remained until the Germans
invaded Denmark in 1940. Because Hein
was the head of an anti-Nazi group, he
was forced to go underground. After the |

A winning chain for “black™ on a Hex bouard 1cith 11 hexagons on each side
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war he became well-known as a writer
on scientific and other topics for Politi-
ken, the leading Danish newspaper. He
is also known, under the pseudonym of
Kumbel, as the author of numerous vol-
umes of epigrammatical poems. These
books have sold 175,000 copies.

The game of Hex occurred to Hein
while he was contemplating the famous
four-color theorem of topology. (The
theorem, as yet unproved, is that four
colors are sufficient to make any map so
that no two countries of the same color
have a common boundary.) Hein intro-
duced the game in 1942 with a lecture
to students at the Institute. In Decem-
ber of that vear Politiken published an
account of the game; it soon became
enormously popular in Denmark under
the name of Polygon. Pads on which the
game could be played with a pencil were
sold, and for many months Politiken ran
a series of Polygon problems, with prizes
for the best solutions.

In 1949 Aage Bohr, son of Niels, in-
troduced the game at the Institute for
Advanced Study in Princeton, where it
quickly captivated students of mathe-
matics both at the Institute and Prince-
ton University. The game was commonly
called John because it was so often
played on the hexagonal tiles of bath-
room floors. It did not acquire the name
Hex until 1952, when a version of the
game was issued under that title by the
firm of Parker Brothers, Inc.

Readers who would like to try Hex
are advised to make mimeographed cop-
ies of the board depicted at the bottom
of the preceding page. The game can be
played on these sheets by marking the
hexagons with circles and crosses. If you
should prefer to play with removable
pieces on a permanent board, a large one
can easily be drawn on heavy cardboard
or made by cementing together hexag-
onal tiles. If the tiles are big enough,
ordinary checkers make convenient
pieces.

One of the best ways to learn the
subtleties of Hex is to play the game on
a board with a small number of hexa-
gons. When the game is played on a two-
by-two board (four hexagons), the play-

er who makes the first move inevitably
wins. On a three-by-three board the first
player may win easily by making his first
move in the center of the board [see il-
lustration at left at the bottom of this
page]. There is no way in which his op-
ponent can keep him from winning on
his third move.

On a four-by-four board things begin
to get complicated. The first player is
sure to win if he immediately occupies
any one of the four hexagons numbered
in the illustration at the right at the bot-
tom of this page. If he makes his opening
play elsewhere, he can be defeated. An
opening play in hexagon 2 or 3 ensures
a win on the fifth move; an opening play
in hexagon 1 or 4, a win on the sixth
move.

On a five-by-five board it can still be
shown that, if the first player immedi-
ately occupies the hexagon in the cen-
ter, he can win on his seventh move. On
larger boards the analysis becomes enor-
mously difficult. So far as I know no one
has fully analyzed the possibilities in a
game of Hex played on a six-by-six
board. Of course the standard 11-by-11
board introduces such an astronomical
number of complications that a complete
analysis seems out of the question.

It is for this reason that game theorists
find Hex particularly interesting. There
is no procedure which will assure a win
on a standard board, but there is an
elegant proof that a winning strategy
exists for the first player on a board of
any size! The proof seems to have been
discovered independently by Hein and
several mathematicians both here and in
Europe. The following is a condensed
version of the proof (it can be formu-
lated with much greater rigor) as it was
worked out in 1949 by John F. Nash,
now assistant professor of mathematics
at the Massachusetts Institute of Tech-
nology.

1. Either the first or second player
must win, therefore there must be a win-
ning strategy for either the first or sec-
ond player.

2. Let as assume that the second play-
er has a winning strategy.

3. The first player can now adopt the

About first moves on three-by-three and four-by-four Hex board
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At Los Alamos you have opportunity to publish original research

T
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During 1956 research scientists at Los Alamos Scientific Laboratory submitted 402 articles for
publication in technical journals and presented 126 papers at professional society meetings. These con-
tributions to the scientific literature came from many fields, including some usually considered to be
limited by classification. For example, the following are among the numerous recently published papers
by members of one of the major weapons divisions:

THE HYDRODYNAMICS OF A REACTING AND RELAXING FLUID
W. W. Wood and J. G. Kirkwood, J. App. Phys. 28, 395 (1957).

COMPRESSION OF SOLIDS BY STRONG SHOCK WAVES
M. H. Rice, R. G. McQueen, and J. M. Walsh, Solid State Physics—Advances in Research
and Applications, Vol. 6 (In Press).

PrecisiION FLAsH X-RAY DETERMINATION OF DENSITY RATIO IN GASEOUS DETONATIONS
R. E. Duff and H. T. Knight, J. Chem. Phys. 25, 1301 (1956).

POLYMORPHISM OF IRON AT HIGH PRESSURE
D. Bancroft, E. L. Peterson, and S. Minshall, J. App. Phys. 27, 291 (1956).

INMAGE QUALITY CRITERIA DERIVED FROM SKEW TRACES
F. A. Lucy, J. Opt. Soc. Am. 46, 699 (1956).

VisIBLE RADIATION FROM HELIUM IN A STRONG SHOCK WAVE
G. E. Seay and L. B. Seely, Jr., Bull. Am. Phys. Soc. 11, 1, 227 (1956) (Abstract).

Opportunity for scientific recognition is only one of the reasons why scientists enjoy working here.
Los Alamos is attractively situated at an elevation of 7,300 feet in the pine-covered mountains of
northern New Mexico. Now an open city, it offers an ideal environment for enjoyable family living.

Applications from qualified scientists and engineers may be addressed to:

Los Alamos, New Mexico

. - - -
scientific laboratory e e e

OF THE UNIVERSITY OF CALIFORNIA for the U. S. Atomic Energy Commission.

[

|
1

/ r.\ DIRECTOR OF PERSONNEL
L4 L . Los ALAMOS SCIENTIFIC LABORATORY
1 \% / Division 1912

LOS ALAMOS, NEW MEXICO
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“IT"” means Farnsworth won’t promise you
the moon. (Although we are working on

some ideas that may eventually get you
there and back.)

“IT” means we are an old, young organi-
zation. Old, in the sense of being pioneers
in the field of electronics. Young, by being
one of the newest divisions of the world-
wide International Telephone and Tele-
graph Corporation, devoting our efforts
to research, development and production
of military electronics systems equipment.

“IT"” means Farnsworth is big enough for
stability and technical perspective, yet
small enough for mobility, flexibility and
recognition of the individual.

“IT"” means you will be associated with a
team of eminent scientists and engineers
with many “firsts” to their credit in the
field of electronics.

“IT” means you and your family will love
the leisure living in this uncrowded mid-
western city.

“IT" means we earnestly invite you to hear
the whole fascinating Farnsworth story.
We're certain you will join the chorus of
those who came, saw and concurred.

FARNSWORTH ELECTRONICS CO.
FORT WAYNE o INDIANA

7%«007/1;
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INTERNATIONAL TELEPHONE AND TELEGRAPH CORPORATION
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Three problems of Hex

following defense. He first makes an ar-
bitrary move. Thereafter he plays the
winning second-player strategy assumed
above. In short, he becomes the second
player, but with an extra piece placed
somewhere on the board.

4. This extra piece cannot interfere
with the first player’s imitation of the
winning strategy, for an extra piece is
always an asset and never a handicap.
Therefore the first player can win.

5. Since we have now contradicted
our assumption that there is a winning
strategy for the second player, we are
forced to drop this assumption.

6. Consequently there must be a win-
ning strategy for the first player.

There are a number of variations on
the basic theme of Hex, including a ver-
sion in which each player tries to force
his opponent to make a chain. Accord-
ing to an involved proof devised by
Robert Winder, a graduate student of
mathematics at Princeton, the first play-
er can always win this game on a board
which has an even number of cells on a
side, but he can lose on a board with an
odd number.

After the reader has played Hex for a



GIANT
MOLECULLES

T'hese two photographs compare the x-ray dif-
fraction patterns of natural rubber (left) and
a new synthetic rubber produced by the Fire-
stone Tire and Rubber Company (right). As
the patterns suggest, the new man-made high
polymer successfully duplicates the structure
of the polymer synthesized by the Hevea tree.

Announcing an issue of IIERICAN

devoted to high polymer chemistry
in relation to technology and fundamental

investigations in the life sciences

to be published in September, 1957
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ENGINEERS

PARTS APPLICATION
(Reliability)

ME or EE degree with design ex-
perience and/or application ex-
perience. Job will be to recom-
mend types of parts to be used
and how these parts shall be used.

Qualified men will become a vital
part of a Reliability Group.

GM
INERTIAL GUIDANCE
SYSTEM PROGRAM

e ELECTRONICS DIV.,
Milwaukee 2, Wis.
Flint 2, Mich.

Enjoy Challenging Opportunities in the
most versatile Laboratories in the country.
Work with the top men in the field and
with the finest test, research and develop-
ment facilities. We are in the process of a
Major, Permanent, Expansion Program.
New Plant facilities being added in sub-
urban Milwaukee area.

To aid you in your professional advance-
ment AC will provide financial assistance
toward your Master’s degree. A Graduate
Program is available evenings at the Uni-
versity of Wisconsin, Milwaukee.

GM'’s Electronics Division aggressive posi-
tion in the field of manufacture and GM’s
long-standing policy of decentralization
creates individual opportunity and recog-
nition for each Engineer hired.

Recent EE,ME
Graduate Inquiries
Also Invited

Milwaukee offers ideal family living in a
progressive neighborly community in cool,
southern Wisconsin where swimming, boat-
ing, big league baseball and every shopping
and cultural advantage is yours for the
taking.

To arrange personal, confidential interview
in your locality send full facts about your-
self today to

Mr. Cecil E. Sundeen
Supervisor of Technical Employment

Electronics Div.

General Motors Corp.

FLINT 2, MICHIGAN
MILWAUKEE 2, WISCONSIN

150

while, he may wish to tackle three prob-
lems devised by Hein. These are set
forth in the three illustrations at the top
of page 148. The objective in all three
problems is to find the first move that
will ensure a win for “white.” The solu-
tions will be published in this depart-
ment next month.

Rf

Est month this department presented

pictures of 12 of the 16 topological
models that can be made with surfaces
with no more than two edges, and edges
which are a simple closed curve or a
single knot. Readers were challenged to
make the other four models. They are
depicted below.

—

Four topological surfaces which the reader was challenged to make last month
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