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MATHEMATICAL GAMES

About two new and two old

mathematical board games

by Martin Gardner

he past six years have seen a re-
1 I markable upsurge of interest in
mathematical board games. More
people than ever before are playing the
‘ traditional games such as chess and ex-
| perimenting with the new games that
| keep turning up in the stores. More
mathematicians are analyzing the strate-
‘ gies of such games and more computers
are being programed to play them. This
month we examine four excellent but
little-known board games, two new and
two old. Their playing fields can easily
be drawn on paper or cardboard, the
rules of play are quite simple and every-
one in the family will find the contests

‘ great fun.

The Military Game, as it is called in
France, is a splendid example of a two-
player game that combines extreme sim-
plicity with extraordinary strategic sub-
tlety. According to Edouard Lucas, who
describes the game in Volume III (pages
105-116) of his celebrated Récréations
Mathématiques, the game was popular
in French military circles during and
after the Franco-Prussian War of 1870-
| 1871. It is a pity that it has since been
| so completely forgotten; not one of the
standard histories of board games even
mentions it.

The board for the Military Game is
shown in the illustration at the right
with the positions labeled to facilitate
description. One player—we will call
him White—has three men that are ini-
tially placed on the colored spots A,
1 and 3. Black, his opponent, has only
one man, which he places on spot 5 in
the center. (Chess pawns can be used
for men, or three pennies and a nickel.)
White moves first and the game proceeds
with alternate turns. Black may move
in any direction along a line from one
spot to a neighboring spot. White moves
similarly, but only left, right or forward
(straight ahead or diagonally), never
backward. There are no captures. White
wins if he can pin Black’s piece so that it
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cannot move. This usually occurs with
Black on spot B, but it can also occur
with Black on spot 4 or 6. Any other
outcome is a win for Black. He wins if
he slips behind “enemy lines,” making
it impossible for White to pin him, or
if a situation develops in which the
same moves are endlessly repeated.

The game is as simple to learn as
ticktacktoe, but it is more exciting to play
and more difficult to analyze. Lucas is
able to show that White, if he plays
rationally, can always win, but there
is no simple strategy and the game
abounds in traps and surprises. Often
the best move is the move that seems to
be the worst. An experienced Black has
little difficulty escaping from an inex-
perienced White.

Suppose we increase Black’s freedom
by permitting him to place his piece,
at the start of the game, on any spot he
chooses? Who now wins if both sides

7 9

o

(5 : :
A

The French Military Game



This Relay Obeys A 50-mw Signal...Even at 30 g’s

The Sigma Series 32 contacts don’t chat-
ter during vibration of 30 g’s to 5,000
cycles, or shock of 100 g’s. The unique
cross-leaf contact structure and mag-
netic circuit with horizontal coil also re-
sult in the 32’s ability to switch reliably
up to 2 amps, with an input signal as
small as 50-mw—pulsed, sustained- or
gradually changing.

The Series 32 is a polarized, subminia-
ture DC magnetic latching relay. Its con-

tactsareheldmagneticallyin the position
last energized—without continuous coil
signal.

The relay is rugged, compact and oper-
ates at temperature extremes of —65°C
to +125°C. So reliable, the Series 32
helps shoot missiles, orbit satellites—and
keeps computers and office equipment
humming.

To help you take advantage of the out-
standing capabilities of this relay, we’'d

like to send you our Design Bulletin
describing nearly 1,000 standard varia-
tions of the Series 32. Write to Depart-
ment #32...or ask our application
engineers to help you select the right
switching control for your particular
need.

You can choose from more than 100,000
different standard Sigma relays — both
latching and non-latching, electromag-
netic and solid state.

SIGMA DIVISION @S SIGMA INSTRUMENTS INC

.

Assured Reliability With Advanced Design/Braintree 85, Mass.

Is your circuit power limited?
Magnetic latching relays can conserve
power when used in a circuit like |
this. For example, the Sigma Series 32 ¥
requires only 950 micro-joules with a
matching RC constant of 450 micro-
seconds. Single pulse operation of AN TR
relays is covered more completely in PR
Sigma technical paper APN 2.3. Write
Department 196 for a copy.
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William L. Black’s game

play rationally? The answer will be
given in this department next month.

Topological board games, on which
players construct paths that twist about
over the field, are recent developments.
Hex, Bridg-it, Zig-Zag, Roadblock, Path-
finder, Squirt: these are trade names of
some of the games of this type that have
been marketed during the past 20 years.
In 1960 William L. Black, then an un-
dergraduate at the Massachusetts Insti-
tute of Technology (he is now working
at M.LLT. for his doctorate in electrical
engineering) made a study of Hex and
Bridg-it, two games respectively dis-
cussed here in July, 1957, and July,
1961. An outcome of this study was a
novel topological game his friends call
Black.

Although marked tiles can be used,
Black is easily played as a pencil-and-
paper game on a checkered field. The
size of the field is optional; the standard
eight-by-eight field seems ideal, but it
is simpler to explain the game on the
smaller four-by-four. After the field is
drawn the first player starts the game by
making a cross in the upper left corner
cell as shown in the first drawing in the
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illustration above. The second player
continues the path by making one of
three permissible marks in a cell adjacent
to the first cell marked. The three marks,
shown at the bottom of the illustration,
are each composed of two lines. One
line represents one of the three ways in
which the path can be joined to an open
side of the square; the second is added
to connect the remaining two sides.

The players alternate moves. Each
move must extend the path into a neigh-
boring cell. Each player tries to avoid
running the path into a border of the
field. If he is forced to carry the path
to the border, he loses the game. If
he succeeds in extending the path in-
to the lower right corner cell [shown
shaded], he wins. The illustration shows
successive moves of a typical short game.
The first player wins by forcing his op-
ponent to play in the upper right corner
cell, where any mark will carry the path
to the edge of the field. (Note that the
cross extends the path only along one
of its arms, although the other arm may
become part of the path as the result
of a later play.)

The game of Black is of special in-
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terest because soon after it was con-
ceived a friend of Black’s, Elwyn R.
Berlekamp (who is also currently pur-
suing his Ph.D. in electrical engineering
at MLLT.), hit on an elegant strategy
that guarantees a win for one of the
players. The strategy applies to rectan-
gular fields of any size or shape. Since
knowledge of the strategy destroys all
interest in actual play, I temporarily re-
frain from giving it. Readers are urged
to play the game and see if they can
match Berlekamp’s brilliant insight be-
fore it is disclosed next month.

One of the best of many medieval
board games is a game that seems to have
been first played in Scandinavian coun-
tries as early as the fourth and fifth cen-
turies, when it was called tafl. In later
centuries it was known as hnefatafl. The
Norsemen introduced the game to Brit-
ain, where it was the only board game
played by the early Saxons until it began
to be replaced by chess in the 11th and
12th centuries. H. J. R. Murray, in his
History of Board-Games Other than
Chess, gives reasons for thinking that
this is essentially the same game that
was still being played in the 16th century
in Wales, under the name of tawlbwrdd,
and in the 18th century in Lapland,
where it was known as tablut.

It was Murray who discovered that
the great Swedish botanist Carolus Lin-
naeus included a full description of
tablut in an extensive diary he kept dur-
ing his exploration of Lapland in 1732.
An English translation of the diary, by
Sir James Edward Smith, was published
in London in 1811 with the title La-
chesis Lapponica: or a Tour of Lapland.
The illustration below is a reproduction
of the tablut board as it is shown on
page 55 of Volume II of this edition.

White pieces, representing light-

haired Swedes, include a single king
and eight warriors. Black pieces, 16 in
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Continuum I11: today and tomorrow in information-systems technology

Simulation

‘“New Regime Threatens Stability in Mediterranean Area...”

The “Leviathan” project is part of our continuing simulation of
large organizations. Currently in our Systems Simulation
Research Laboratory we are staging the environment and data
base typical of a highly structured intelligence center, where
unexpected political events in a mythical Mediterranean region
are presented to a 24-man team. Communicating by means of
audio-visual equipment, the human subjects analyze all aspects
of a tense situation. Decisions are made. Action is taken. The
sense of personal involvement becomes most intense. Scientists
observe the dynamic human interplay and decision-making
processes. A large computer acts as fact finder, umpire. and score-
keeper. To scientists and engineers of SDC, Leviathan offers a
continuing opportunity to study man-to-man and man-to-
machine interaction, as well as to make objective evaluations of
the communicating equipment itself. Leviathan in particular and

simulation in general are but one phase of SDC'’s broad interest
in information-systems technology. As newly learned knowledge
helps to shape the systems of tomorrow, today’s opportunities at
SDC become ever more interesting and numerous. Human factors
scientists, operations research scientists, systems-oriented engi-
neers and computer programmers who believe their ultimate
futures lie with this important and rapidly expanding technology
are invited to write Mr. A. J. Granville, Jr., SDC, 2430 Colorado
Ave., Santa Monica, California. Positions are open at SDC facili-
ties in Santa Monica, California; Wash-
ington, D.C.; Lexington, Massachusetts;
Paramus, New Jersey; and Dayton, Ohio.
“An Equal Opportunity Employer.”

System Development Corporation
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Opportunity is at Allison

in Nuclear Energy Conversion

B Current development work in nuclear energy conversion at
Allison holds great promise for solutions to the ponderous mili-
tary problems of long, vulnerable fuel supply lines.

In Allison’s Energy Depot concept, being investigated under
contracts to the Atomic Energy Commission, mechanized field
army units could manufacture fuel “on the spot” with a port-
able nuclear reactor system to synthesize the fuel from univers-
ally available elements, such as air and water. Another approach
under study envisions using reactor-produced electricity to re-
charge a fuel cell supplying electric power to motors of each
driving wheel of a vehicle.

Fundamental to the energy depot concept is a mobile nuclear
power source. Meeting this requirement is the compact nuclear
reactor, capable of generating 2000-3000 kw of electricity, also
under development by Allison for the AEC.

These unique applications of nuclear energy are indicative of
the atmosphere at Allison where many challenging and reward-
ing opportunities await those who qualify. Immediate openings
exist for Scientists and Engineers in the following areas:

B NUCLEAR SYSTEMS ENGINEERING
B NUCLEAR REACTOR DESIGN

B ADVANCED SYSTEMS ANALYSIS

B LIQUID METAL TECHNOLOGY

B THERMIONICS

W ELECTRO CHEMISTRY

For immediate attention, send your resume today or contact: Mr.
V. A. Rhodes, Professional and Scientific Placement, Dept. 1701,
Allison Division, General Motors Corporation, Indianapolis 6, Ind.

An equal opportunity employer

Allison [®

THE ENERGY CONVERSION DIVISION OF MOTORS
GENERAL MOTORS, INDIANAPOLIS, INDIANA
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Methods of capture in tablut

number, represent Muscovite warriors.
(It is convenient to use a white chess
king and eight white pawns for the
Swedes. Black chessmen can be used
for the Muscovites, but all must be re-
garded as identical pieces.) Each black
and white piece, including the king,
moves like a rook in chess, that is, an un-
limited distance along vacant cells in
a straight line paralleling a side of the
board.

The game begins with the Swedish
king occupying the center square, which
is known as the castle. Only the king is
permitted to stand in the castle, although
any piece may move through it when it
is vacant. Surrounding the king, on the
eight shaded squares, are his eight war-
riors. The Muscovites occupy the 16 dec-
crated squares at the four sides of the
board.

Either player may open the game. En-
emy pieces are captured by a pincer
move that consists of ()ccupying zldjacent
cells on opposite sides of a piece, the
three pieces being in the same row or
column. For example, it Black makes the

| indicated move, he captures the three

white pieces simultaneously [see top
drawing in illustration above]. If a piece

| moves between two enemy pieces, how-



ever, it is not captured by them. The

king may take part in capturing enemy

pieces, but he himself is captured only

if he is surrounded on all four sides by

four enemy pieces or by three enemy

pieces and the castle square [middle |
drawing]; he cannot move from his cas- |
tle into such a formation without being |
captured.

Linnaeus adds that when the king is
in his castle, with three enemy warriors
on three sides and one of his own men
on the fourth side, the Swedish warrior
is taken if a Muscovite moves to the
cell next to the Swede on the side oppo-
site the king [bottom drawing]. ‘

Black’s objective is to capture the
king. If this occurs, the Muscovites win.
White’s objective is to allow the king
to flee the country by reaching any cell
on the perimeter of the board. When-
ever there is an unobstructed path along
a row or column by which the king can
reach the border, White must warn Black
by saying “Raichi!” (a remark similar
in function to “Check!” in chess). If
there are two escape paths, White calls
out “Tuichu!” Of course “Tuichu!” an-
nounces a win for White because there
is no way Black can block two escape
routes with a single move.

Sidney Sackson, a New York City
engineer who makes a hobby of collect-
ing board games (he owns about 500
actual boards and his files contain de-
tails of hundreds of others), knows of
only one occasion on which tablut has
been made and sold in this country. In
1863 it was issued as a Civil War game
called Freedom’s Contest, or the Battle
for the Union. This game is identical
with tablut except that the king is called
the “Rebel chief” and the pieces are
Rebel and Union soldiers. The Rebel
chief is limited to a maximum move of
four spaces. The traditional game seems
to favor White, so perhaps this restric-
tion was intended to redress the balance.

Sackson is himself the inventor of
many unusual board games, one of the
best of which he calls Focus. It is played
with 36 counters, half of them one color
and half another. Small poker chips of
the interlocking variety make excellent
pieces. They are placed initially on an
eight-by-eight board from which three
cells at each corner have been removed.
The illustration at the bottom left on the
next page shows how the pieces (black
and colored in this case) are arranged.

Either side may move first. A move
consists of moving a “pile” of pieces
(at the outset all piles are one chip
high) as many spaces as there are pieces
in the pile. Moves are vertical or hori-
zontal, never diagonal. The four pos-

© 1963 SCIENTIFIC AMERICAN, INC

Photographic interpretation by J. Frederick Laval

Capability of detecting clandestine
nuclear explosions is the aim of
Project Vela. Los Alamos Scientific
Laboratory is developing sensitive
detection instrumentation to
discriminate between natural
radiation phenomena and those
resulting from man-made devices
detonated in space.

Qualified applicants interested

i Vela and other vital programs
at Los Alamos are invited

to send resumes to:

Director of Personnel,

Division 63-100

los/ halamos

" scientific laboratory

OF THE UNIVERSITY OF CALIFORNIA
o LOS ALAMOS, NEW MEXICO

\

All qualified applicants will receive consideration for employment without
regard to race, creed, color or national origin. U.S. citizenship required.
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sible moves of one colored piece at the
start of a game are shown in the illustra-
tion below. If the piece moves up, it
lands on a vacant square. A move to the
right puts it on top of another colored
piece, to the left or down puts it on
top of a black piece. The last three
moves form two-high piles. Such piles
may be moved two spaces in any direc-
tion. Piles of three, four and five pieces
move three, four and five spaces respec-
tively. A pile is controlled by the player
who owns the piece on top. In moving it
does not matter whether the intervening
cells are empty or occupied by piles con-
trolled by either player. Passed-over
pieces are not affected in any way. A
move may end on a vacant cell or on
another pile. The illustration at the top
of the page shows the possible moves of
a two-high pile.

Piles may not contain more than five
pieces. If a move produces a pile of more
than five, all pieces in excess of five are
taken from the bottom of the stack. If
they are enemy pieces, they are consid-
ered captured and are removed from the
game. If they belong to the player mak-
ing the move, they are placed aside as
reserves. At any time during the game
a player may, if he wishes, take one of
his reserve pieces and place it on any
cell of the board, empty or otherwise. It
has the same effect as a moved piece: if
it goes on a pile, the pile belongs to the
player who placed it. Using a reserve
piece substitutes for a move on the
board.

A player may, if he wishes, make a
move of fewer spaces than the number of
pieces in the pile being moved. He does
this by taking from the top of the pile
as many pieces as the number of spaces
he wishes to move. The rest of the pieces
stay where they are. For example, a
player may take the top three pieces of
a five-high pile and move them three
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Sidney Sackson’s game of Focus
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Moves in the game of Focus

spaces. The pile that remains after such
a move belongs to the player who owns
the piece on top.

When a player is unable to move (that
is, controls no piles and has no reserves),
the game is over and his opponent wins.
Readers who find this game stimulating
may wish to send 25 cents to Sidney
Sackson, 1287 Arnow Avenue, Bronx 69,
N.Y., for his copyrighted booklet giving
the rules in more detail, including a four-
handed game and a number of valuable
hints for skillful play.

Number play and football are blended
cleverly in a game called Number Foot-
ball, recently developed by the Bene-
dictine Fathers at Benet Lake, Wis. For
$1 the Fathers will send postpaid a 24-
page booklet explaining the game, to-
gether with a pad of gridiron blanks for
scoring. And I must not fail to mention
that a hard-cover book by Robert
Abbott—whom readers of this depart-
ment know as the inventor of Eleusis, the
induction card game—will be published
this month by Stein and Day. Although
titled Abbott’s New Card Games, it in-
cludes a remarkable mathematical board
game of the chess variety. In addition to
four card games reprinted from Abbott’s
earlier paperback, it contains four ex-
cellent new card games unlike any the
reader has ever played before.

Est month’s problem was: Given a 10-

gallon keg filled with beer and two
vessels of three-gallon and five-gallon
capacity, how can one (in the minimum
number of operations) drink a quantity
of beer and leave equal amounts in each
of the three vessels? Since the vessels
measure only integral amounts, the beer
to be divided into thirds must be
a multiple of three: three, six or nine
gallons. The first two amounts can be
eliminated because in both cases a third
of the amount is less than the capacity of
each vessel. (After any pouring opera-
tion at least one vessel must be either
empty or full. Neither situation would
obtain if each vessel contained less than
its capacity.) We conclude, therefore,
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that one gallon must be drunk, leaving
nine to be divided into thirds.

The ball-bouncing computer ex-
plained last month traces a minimum
path that measures one gallon [see upper
graph in illustration below]. After the
gallon (in the three-gallon vessel) is
drunk, four gallons remain in the 10-
gallon keg, five in the five-gallon vessel.
The three-gallon vessel is empty. This
new situation is diagramed as shown in
the lower graph. The ball must now
reach a point that marks three gallons
in each container. The minimum path is
shown in color, with two alternative
steps in a lighter shade. Counting the
drinking of the gallon as an “operation,”
the complete solution involves nine op-
erations, which are shown below the
two graphs.

10-GALLON KEG 0 7 7

5-GALLON VESSEL

3-GALLON VESSEL

(DRINK}
10-GALLON KEG 4 1 6 6
5.GALLON VESSEL &
3-GALLON VESSEL 0 0 3
{OR)
10-GALLON KEG 4 9 6 6 3

(&)
o
o
w
w

5-GALLON VESSEL
3-GALLON VESSEL 0o o0 3 0 3

Solution to last month’s problem



