MATHEMATICAL
GAMES

In which players of ticktacktoe

are taught to hunt bigger game

by Martin Gardner

The world’s simplest, oldest and
most popular pencil-and-paper
game is still ticktacktoe, and com-
binatorial mathematicians, often with
the aid of computers, continue to ex-
plore unusual variations and generaliza-
tions of it. In one variant that goes back
to ancient times the two players are each
given three counters, and they take turns
first placing them on the three-by-three
board and then moving them from cell
to cell until one player gets his three
counters in a row. (I discussed this game
in my first column on ticktacktoe, in
March, 1957) Moving-counter tick-
tacktoe is the basis for a number of
modern commercial games, such as
John Scarne’s Teeko and a new game
called Touché, in which concealed mag-
nets cause counters to flip over and be-
come opponent pieces.

Standard ticktacktoe can obviously be
generalized to larger fields. For exam-
ple, the old Japanese game of go-moku
(“five stones”) is essentially five-in-a-
row ticktacktoe played on a go board.
Another way to generalize the game is to
play it on “boards” of three or more
dimensions. These variants and others
were discussed in this department for
August, 1971.

In March, 1977, Frank Harary de-
vised a delightful new way to gener-
alize ticktacktoe. Harary is a mathema-

I
|

/

[

Ticktacktoe as a graph-coloring game
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tician who divides his time between the
University of Michigan’s mathematics
department and its Institute for So-
cial Research. He has been called Mr.
Graph Theory because of his tireless,
pioneering work in this rapidly growing
field that is partly combinatorial and
partly topological. Last year he gave
a speech in the German city Xanten,
thereby completing a list of about 150
cities outside the U.S. in which he has
lectured that includes names beginning
with the letters from A4 through Z. Ha-
rary is the founder and editor of Journal
of Graph Theory and the author of
Graph Theory, which is considered the
world over to be the definitive textbook
on the subject. His papers on graph the-
ory, written alone or in collaboration
with other mathematicians, number
some 300. Harary ticktacktoe, as I shall
call his generalization of the game,
opens up numerous fascinating areas of
recreational mathematics. This month,
with Harary’s permission, I shall sum-
marize for the first time some of the
basic results that have been obtained
so far.

We begin by observing that standard
ticktacktoe can be viewed as a two-col-
or geometric-graph game of the type Ha-
rary calls an achievement game. Re-
place the nine cells of the ticktacktoe
board with nine points joined by lines,
as is shown in the illustration at the left.
The players are each assigned a color,
and they take turns coloring points on
the graph. The first player to complete a
straight line of three points in his color
wins. This game is clearly isomorphic
with standard ticktacktoe, which is well
known to end in a draw if both players
make the best possible moves.

Let us now ask: What is the smallest
square on which the first player can
force a win by coloring a straight three-
point path? It is easy to show that it is a
square of side 4. Harary calls this side
length the board number b of the game.
It is closely related to the Ramsey num-
ber of generalized Ramsey graph theo-
ry, a number that plays an important
part in the Ramsey games discussed in
this department for November, 1977.
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(Ramsey theory is a field in which Ha-
rary has made and continues to make
notable contributions. It was in a 1972
survey paper on Ramsey theory that
Harary first proposed making a general
study of games played on graphs by col-
oring the graph lines.) Once we have
determined the value of b we can ask a
second question. In how few moves can
the first player win? A little doodling
shows that on a board of side 4 the first
player can force a win in three moves.
Harary calls this figure the move num-
ber m of the game.

In ticktacktoe a player wins by taking
cells that form a straight, order-3 pol-
yomino that is either edge- or corner-
connected. (The corner-connected fig-
ure corresponds to taking three cells on
a diagonal.) Polyominoes of orders 1
through 5 are depicted in the illustra-
tions on pages 23 and 25. The poly-
omino terminology was coined by Sol-
omon W. Golomb, who was the first to
make a detailed study of these figures.
Harary prefers to follow the usage of a
number of early papers on the subject
and call them “animals.” I shall follow
that practice here.

We are now prepared to explain Ha-
rary’s fortuitous generalization. Choose
an animal of any order and declare its
formation to be the objective of a tick-
tacktoelike game. As in ticktacktoe we
shall play not by coloring spots on a
graph but by marking cells on square
matrixes with noughts and crosses in the
usual manner or by coloring cells red
and green as one colors edges in a Ram-
sey graph game. Each player tries to
label or color cells that will form the
desired animal. The animal will be ac-
cepted in any orientation and, if it is
asymmetrical, in either of its mirror-
image forms.

Our first task is to determine the ani-
mal’s board number, that is, the length
of the side of the smallest square on
which the first player can, by playing
the best possible strategy, force a win.
If such a number exists, the animal is
called a winner, and it will be a winner
on all larger square fields. If there is no
board number, the animal is called a
loser. If the animal chosen as the objec-
tive of a game is a loser, the second play-
er can always force a draw, but he can
never force a win. The proof of this fact
is well known and applies to most tick-
tacktoelike games. Assume that the sec-
ond player has a winning strategy. The
first player can “steal” the strategy by
first making an irrelevant opening move
(which can never be a liability) and
thereafter playing the winning strategy.
This finding contradicts the assumption
that the second player has a winning
strategy, and so that assumption must be
false. Hence the second player can never
force a win. If the animal is a winner and
b is known, we next seek m, the mini-
mum number of moves in which the
game can be won.



NO RUM REFLECTS
PUERTO RICO LIKE RONRICO.

Puerto Rico is the Rum Island, the world's foremost
rum-producing region. And Ronrico is the rum— authentic
Puerto Rican rum since 1860. Ronrico’s smooth, light taste
has been the pride of six generations of Puerto Rican rum
masters. One sip will tell you why.

RONRICO: AUTHENTIC RUM OF PUERTO RICO.

General Wine & Spirits Co., N.Y.C.
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Pan Am introduces
3 newways to fly theworld.

Some of the people we fly
each day can afford the best
service in the world.

And some simply want
good service for the best prices
in the world.

So, for our First Class pas-
sengers, flying on our long-
range 747SPs, we're offering a
brand-new idea in deluxe serv-
ice. Unique reclining Sleeper-
ette" seats and private
table-for-two dining with excel-
lent international cuisine.

For the business traveler,
and others paying full fare,
most of our 747s offer Clipper®
Class. a separate section with
free drinks and headsets. Plus
a lot more attention on the
ground and in the air.

For people taking advan-
tage of our special fares, we
have Full Service Economy
Class. This offers the same
high standard of service
Pan Am Economy passengers
have always enjoyed.

To bring you these three
kinds of service, we have the
largest fleet of 747s and
747SPs—the most advanced
planes in the skies. With the
kind of specialized service that
can make all the difference on
a long-distance flight.

See your Travel Agent or
transportation department.
And choose the way you want
to fly the world. On Pan Am.

Clipper” Class, the separate section with an empty seat
beside you whenever possible.
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Pan Am'’s new 747SP First Class service features exclusive reclining Sleeperette
seats and the finest international cuisine, served individually or at a table-for-two.

Full Service Economy Class. Same great Pan Am service for those taking advantage of special fares.

Weflytheworld E

theway the world wants tofly.
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For the 1-cell animal (the monomi-
no), which is trivially a winner, b and m
are both equal to 1. When, as in this
case, m is equal to the number of cells in
the animal, Harary calls the game eco-
nomical, because a player can win it
without having to take any cell that is
not part of the animal. The game in
which the objective is the only 2-cell ani-
mal (the domino) is almost as trivial. It
is also economical, with b and m both
equal to 2. The games played with the
two 3-cell animals (the trominoes) are
slightly more difficult to analyze, but the
reader can easily demonstrate that both
are economical: for the L-shaped 3-cell
animal b and m are both equal to 3, and
for the straight 3-cell animal b equals 4
and m equals 3. This last game is identi-
cal with standard ticktacktoe except that
corner-connected, or diagonal, rows of
three cells are not counted as wins.

It is when we turn to the 4-cell animals
(the tetrominoes) that the project really
becomes interesting. Harary has given
each of the five order-4 animals names,
as is shown in the illustration on this
page. Readers may enjoy proving that
the b and m numbers given in the illus-
tration are correct. Note that Fatty (the
square tetromino) has no such numbers
and so is labeled a loser. It was Andreas
R. Blass, one of Harary’s colleagues
at Michigan, who proved that the first
player cannot force Fatty on a field of
any size, even on the infinite lattice.
Blass’s result was the first surprise of the
investigation into Harary ticktacktoe.
From this finding it follows at once that
any larger animal containing a two-by-
two square also is a loser: the second
player simply plays to prevent Fatty’s
formation. More generally, any animal
that contains a loser of a lower order is
itself a loser. Harary calls a loser that
contains no loser of lower order a basic
loser. Fatty is the smallest basic loser.

The proof that Fatty is a loser is so
simple and elegant that it can be ex-
plained quickly. Imagine the infinite
plane tiled with dominoes in the manner
shown at the top of the illustration on
page 26. If Fatty is drawn anywhere on
this tiling, it must contain a domino.
Hence the second player’s strategy is
simply to respond to each of his oppo-
nent’s moves by taking the other cell of
the same domino. As a result the first
player will never be able to complete a
domino, and so he will never be able to
complete a Fatty. If an animal is a loser
on the infinite board, it is a loser on all
finite boards. Therefore Fatty is every-
where a loser.

Early last year Harary and his col-
leagues, working with only the top four
domino tilings shown in the illustra-
tion on page 26, established that all but
three of the 12 5-cell animals are losers.
Among the nine losers only the one con-
taining Fatty is not a basic loser. Turn-
ing to the 35 6-cell animals, all but four
contain basic losers of lower order. Of

the remaining four possible winners
three can be proved losers with one of
the five tilings shown in the illustration.
The animals that can be proved basic
losers with each tiling pattern are shown
alongside the pattern. In every case the
proof is the same: it is impossible to
draw the loser on the associated tiling
pattern (which is assumed to be infinite)
without including a domino; therefore
the second player can always prevent
the first player from forming the animal
by following the strategy already de-
scribed for blocking Fatty. There are a
total of 12 basic losers of order 6 or
lower.

It is worth noting how the tiling proof
that the straight animal of five cells is a
loser (another proof that was first found
by Blass) bears on the game of go-moku.
If the game is limited to an objective of
five adjacent cells in a horizontal or ver-
tical line (eliminating wins by diagonal
lines), the second player can always
force a draw. When diagonal wins are
allowed, the game is believed to be a
first-player win, although as far as I
know that has not yet been proved even
for fields larger than the go board.

The only 6-cell animal that may be a
winner is the one Harary and his col-
leagues call Snaky:

Although they have not yet been able to
prove this animal is a winner, they be-
lieve its board number is no larger than
15 and its move number is no larger than
13. This assertion is the outstanding un-
solved problem in Harary ticktacktoe
theory. Perhaps a reader can prove
Snaky is a loser or conversely show how
the first player can force the animalon a
square field and determine its board and
move numbers.

All the 107 order-7 animals are
known to be losers. Therefore since ev-
ery higher-order animal must contain an
order-7 animal, it can be said with confi-
dence that there are no winners beyond
order 6. If Snaky is a winner, as Harary
and his assistant Geoffrey A. Exoo con-
jecture, there are exactly a dozen win-
ners—half of them economical—and a
dozen basic losers.

Any 4- or 5-cell animal can be the
basis of a pleasant pencil-and-paper
game. If both players know the full anal-
ysis, then depending on the animal cho-
sen either the first player will win or the
second player will force a draw. As in
ticktacktoe between inexpert players,
however, if this knowledge is lacking,
the game can be entertaining. If the ani-
mal chosen as the objective of the game
is a winner, the game is best played on a
board of side b or b — 1. (Remember
that a square of side b — 1 is the largest
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1-CELL ANIMAL b m
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2-CELL ANIMAL b m
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4-CELL ANIMALS b m
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4 5
4 4

ELLY

Animals of 1 cell through 4 cells
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OVER THE COURSE OF
['ME, THE TASTE HASN'T
ALTERED A DEGREE.

One may detect a certain leeway in the taste of
some_Scotch from bottle to bottle.
But Cutty Sark, without exception, tastes like

cutty Sark. And people with great taste the world
>VER have come to recognise it.

Perhaps this is why the Cutty Sark drinker can
tell instantly if he has been servep something other

than the genuine article.
So even if your taste for Cutty Sark is only

-ecently acquired, it won't take you long to regard
t as “'Old Faithful’
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board on which the first player cannot
force a win.)

All the variations and generalizations
of Harary ticktacktoe that have been
considered so far are, as Harary once
put it, “Ramseyish.” For example, one
can play the misére, or reverse, form of
any game—in Harary's terminology an
avoidance game—in which a player wins
by forcing his opponent to color the
chosen animal. Only four animals are
known to be nondraws in avoidance
games. The smallest are the monomino
and the domino. When the domino is the
“objective,” the second player can force
a win on any rectangular board (includ-
ing a square) for which both sides are at
least 2 in length. The second player’s
winning strategy is to assume that the
board is colored like a checkerboard
and then to respond to his opponent’s
opening move by playing on any cell of
the same color. Thereafter he continues
to play anywhere he likes on cells of
that color until they are all occupied. It
is an interesting problem to provide a
rigorous demonstration of the second
player’s subsequent strategy.

On a square board the first player can
also be forced to complete the L-shaped
3-cell animal. Obviously the length of
the square’s side must be at least 3 for
the game to be meaningful. If the length
of the side is odd, the second player will
win if he follows each of his opponent’s
moves by taking the cell symmetrically
opposite the move with respect to the
center of the board. If the first player
avoids taking the center, he will be
forced to take it on his last move and so
will lose. If he takes it earlier in the game
without losing, the second player should
follow with any safe move. If the first
player then takes the cell that is sym-
metrically opposite the second player’s
move with respect to the center, the sec-
ond player should again make a harm-
less move, and so on; otherwise he
should revert to his former strategy. If
the length of the square’s side is even,
this type of symmetrical play leads to a
draw, but the second player can still win
by applying more complicated tactics.

On square boards the straight 3-cell
animal cannot be forced on the first
player. The proof of this fact is a bit
difficult, even for the three-by-three
square, but as a result no larger animal
containing the straight 3-cell species can
be forced on any square board. (The sit-
uation is analogous to that of basic
losers in animal-achievement games.)
Hence among the 4-cell animals only
Fatty and Tippy remain as possible non-
draws. Fatty can be shown to be a draw
on any square board, but Tippy can be
forced on the first player on all square
boards of odd side. The complete analy-
sis of all animal-avoidance games is still
in the early stages and appears to pre-
sent difficult problems.

Harary has proposed many other non-
trivial variants of the basic animal

games. For example, the objective of a
game can be two or more different ani-
mals. In this case the first player can try
to form one animal and the second play-
er the other, or both players can try to
form either one. In addition achieve-
ment and avoidance can be combined
in the same game, and nonrectangular
boards can be used. It is possible to in-
clude three or more players in any game,
but this twist introduces coalition play
and leads to enormous complexities.
The rules can also be revised to accept
corner-connected animals or animals
that are both edge- and corner-connect-
ed. At the limit, of course, one could

make any pattern whatsoever the objec-
tive of a ticktacktoelike game, but such
broad generalizations usually lead to
games that are too complicated to be
interesting.

Another way of generalizing these
games is to play them with polyiamonds
(identical edge-joined equilateral trian-
gles) or polyhexes (identical edge-joined
regular hexagons) respectively on a reg-
ular triangular field or a regular hexago-
nal field. One could also investigate
games played with these animals on less
regular fields.

The games played with square ani-
mals can obviously be extended to

LOSER

LOSER

LOSER

LOSER

LOSER

LOSER

-I-ll'l"I:-Il

LOSER

LOSER

LOSER

The 12 animals of 5 cells
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boards of three or more dimensions. For
example, the 3-space analogue of the
polyomino is the polycube: 7 unit cubes
joined along faces. Given a polycube,
one could seek b and m numbers based
on the smallest cubical lattice within
which the first player can force a win
and try to find all the polycubes that are
basic losers. This generalization is al-
most totally unexplored.

As I have mentioned, Blass, now asso-
ciate professor at Michigan, is one of
Harary’s main collaborators. The others
include Exo0, Jerald A. Kabell and Hei-
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ko Harborth, who is investigating games
with the triangular and hexagonal cous-
ins of the square animals. Harary is
planning a book on achievement and
avoidance games in which all these
generalizations of ticktacktoe and many
other closely related games will be ex-
plored, and he is also developing com-
puter programs for playing these games
both offensively and defensively.

The “impossible” hypercard dis-
cussed in this department last No-
vember suggested a number of variants.

m I
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Tiling patterns (left) for the 12 basic losers (right)
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Paul T. Merva and Alexis A. Gilliland
came on the funniest variant indepen-
dently. They each sent in a model of the
paper ring shown in the illustration on
page 28. It is actually a Mo6bius band,
and in the form depicted it seems even
more mysterious than the original card.
Gilliland also applied the construction
to the lid of a cylindrical can and to a
Klein bottle. In the case of the M&bius
band as many mystery flaps as are want-
ed can be made in what seems to be an
untwisted ring. The ring will be one- or
two-sided depending on whether an odd



Myth:

Railroads run on legends and old tracks.
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Fact:

America’s freight railroads
spent a record $10 billion
in capital improvements

and maintenance in 1978.

The only thing legendary about today’s freight
railroads is their record investment in track and
rolling stock last year. 1979 plans call for increasing
even those massive expenditures by about 20%.

In 1978, the railroads put more than 1,300 new
and rebuilt locomotives into service and ordered
more than 125,000 new freight cars. In addition,
more than 4,700 miles of track has been replaced
with new rail in each of the last two years—some
58% more than the yearly average in the previous
ten years. And new crossties installed averaged
more than 27 million in 1977 and 1978 —36% above
the 1966-1975 average

These huge investments help increase effi-
ciency and improve service. Just as important, they
help improve safety. Even though rail traffic has
increased substantially, total deaths and injuries
from rail accidents continue to decline and have
reached the lowest levels since record-keeping
began in 1891.

Additional investments by, railroads and suppli-
ers in continuing research provide other benefits
as well—development of better, stronger track and
even safer cars for moving vital hazardous materials
Railroads provide 70°% of the transportation for the
commodities classified as hazardous, excepting only
petroleum, but they are involved in less than 9% of
the accidents involving hazardous materials.

For more information about America’s surprising
freight railroads and their multi-billion dollar invest-
ments in safe transportation, write to: Association of
American Railroads, American Railroads Building,
Washington, D.C. 20036.

Surprise:
America’s freight railroads
provide the safest, most
efficient transportation

on wheels.



or an even number of flaps are made.
On a cardboard napkin ring (or a ring
cut from a cylindrical container) it is
possible to make an even number of
such flaps without having to cut the ring
apart and rejoin the ends.

cores of readers wrote to insist that
the answer to the social-security-
number problem given in this depart-
ment for last December is not unique
and to offer alternate solutions. I found
the situation mystifying until I realized
what had happened: they had all relied
on a pocket calculator with an eight-dig-
it readout to divide an eight-digit num-
ber by 8, without checking by hand to
see if there was a remainder! (Inciden-
tally, a large number is divisible by 8
if and only if its last three digits are.)
Many other readers sent correct proofs
of the uniqueness of the number 3816-
54729, based either on computer pro-
grams or on familiar divisibility rules
plus reasoning.

Michael R. Leuze worked with a com-
puter to examine solutions to this prob-
lem in number systems other than base
10. He found that there are no solutions
in any odd base or in base 12. In base 2
there is the trivial solution 1. In base 4
there are two solutions, 123 and 321; in
base 6, 14325 and 54321; in base 8,
3254167, 5234761 and 5674321. In base
14, as in base 10, there is a unique solu-
tion: 9123 10547611812 13.
Leuze conjectures that there are no solu-
tions in higher bases.

David M. Sanger generalized in a dif-
ferent way by asking what the numbers
are whose first n digits are divisible by n,
with no other requirements. His com-
puter program found all such numbers,
starting with the 45 two-digit numbers
(ignoring initial zeros) and ending with

the unique 25-digit number 3,608,528,-
850,368,400,786,036,725.

Because no 26th digit can be added to
make a number divisible by 26 that
number ends the sequence. There are
2,492 10-digit numbers; the smallest
number is 1,020,005,640 and the largest
one is 9,876,545,640. One peculiar num-
ber is 3,000,060,000. The number of
numbers increases steadily from n =2
through » = 9 and n = 10 (in both cases
there are 2,492 numbers) and then
declines steadily. For n =20 through
n = 25 the numbers of numbers are re-
spectively 44, 18, 12, 6, 3 and 1. The last
is the only number that provides a single
answer for any n.

Alan Delahoy was the first of the
readers too numerous to mention who
sent proofs that 16 moves is minimal for
the knight-switch problem. Many of
these proofs begin by transforming the
problem to a 12-point graph in the man-
ner given in my book Aha! Insight (W. H.
Freeman and Company, 1977), in the
first printing of which I incorrectly gave
18 as the minimum number of moves.
When the problem is in this form, it is
easy to show that a solution must have
an even number of moves that cannot be
less than 14. (If the board has only three
knights of one color, seven moves are
needed to get them from one side to the
other.) All that remains, then, is to show
that 14 moves are too few. The insight
that reduces 18 moves to 16 is the real-
ization that backtracking one knight—
returning it to a cell from which it had
moved—clears the way for another
knight move. All 16-move solutions
have this feature.

Howard Rumsey, Jr., proved on a
home computer that any distribution of
the six knights can be reached from the
starting pattern in 22 moves or fewer.

Mystery flap on a Mobius band

28
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Any knight pattern can be reached from
any other pattern in no more than 26
moves. Rumsey found seven pairs of
such patterns (not counting symmetries)
for which 26 moves are required to go
from one distribution of knights to the
other.

James G. Mauldon suggested replac-
ing the middle knight on each side with a
king that moves like a knight and adding
the requirement that the kings change
places. He found a 22-move solution
to the problem. If knights are placed on
the two central squares to make four
knights of the same color on each side,
the knights of different colors can be
switched in 12 moves. Mauldon also
added the proviso that these eight
knights be paired with respect to the
horizontal center line of the board and
that all pairs be interchanged. He be-
lieves 36 moves are minimal here. He
has found a 44-move solution to the
problem that pairs the knights that are
symmetrically opposite with respect to
the center of the board.

he robot ASMOF gave “inkstand” and

“crankshaft” as dictionary words
containing respectively nkst and nksh.
Many readers sent in other words. The
commonest word for nkst was “prank-
ster,” but “clinkstone,” ‘“pinkster,”
“pinkstone,” “sinkstone,” ‘‘stinkstone”
and archaic words found only in The
Oxford English Dictionary were received.
For nksh among the most common al-
ternatives suggested were “bankshare,”
“monkship,” “monkshood” and ‘“tank-
ship.” Some readers composed sen-
tences with solution words. Jim Rector
closed his letter with “No thankstoyou, I
thinkstoomuch.”

GeorgeStarbuckfound “schnappsed,”
another 10-letter word of one syllable,
but he was topped by his friend Wil-
liam Harmon (both men are poets),
who wrote to him: “Schnappsed can’t
be beat. I realized this while being
broughammed to the airport.” (Several
dictionaries prefer the monosyllabic
pronunciation of this 11-letter word.)

The robot’s reasoning as to why a per-
son cannot be exactly one-third Scottish,
one-third Chinese and one-third Hun-
garian came in for heavy criticism.
Readers were right in not taking the ro-
bot’s solution seriously, since it relied on
several unrealistic assumptions. In par-
ticular, ASMOF’s argument assumes that
all progenitors are full-blooded, which
in the real world is found to be prepos-
terous as soon as someone’s ancestry is
traced back a few generations.

One final correction: At the end of this
department for last December a prime-
number proof was incorrectly attributed
to Anna M. Penk. She is the mother of
Michael A. Penk, a computer scientist,
whose name should have apneared in-
stead.



